Results from multiple diagnostic tests are usually combined to improve the overall diagnostic accuracy. For binary classification, maximization of the empirical estimate of the area under the receiver operating characteristic (ROC) curve is widely adopted to produce the optimal linear combination of multiple biomarkers. In the presence of large number of biomarkers, this method proves to be computationally expensive and difficult to implement since it involves maximization of a discontinuous, non-smooth function for which gradient-based methods cannot be used directly. Complexity of this problem increases when the classification problem becomes multi-category. In this article, we develop a linear combination method that maximizes a smooth approximation of the empirical Hypervolume Under Manifolds (HUM) for multi-category outcome. We approximate HUM by replacing the indicator function with the sigmoid function or normal cumulative distribution function (CDF). With the above smooth approximations, efficient gradient-based algorithms can be employed to obtain better solution with less computing time. We show that under some regularity conditions, the proposed method yields consistent estimates of the coefficient parameters. We also derive the asymptotic normality of the coefficient estimates. We conduct extensive simulations to examine our methods. Under different simulation scenarios, the proposed methods are compared with other existing methods and are shown to outperform them in terms of diagnostic accuracy. The proposed method is illustrated using two real medical data sets.
Introduction
Statistical classification methods are widely used in various fields such as economics, computer science, meteorology, and medicine. Specifically, in medicine, diagnostic tests are employed as effective "classifiers" to discriminate diseased individuals from the non-diseased. Over the recent decades, many research articles recommended combining multiple test results in order to increase the overall diagnostic accuracy. Common approaches to combine multiple test results include the logistic regression (LR), the linear discriminant analysis (LDA) and other model-based approaches. Some authors ( [1] , [2] , [3] ) directly focused on the maximization of the Area Under the Receiver Operating Characteristic (ROC) Curve (AUC) to combine multiple test results. However, to the best of our knowledge, there is only limited development for finding the optimal linear combination of diagnostic tests in case of multivariate classification problems.
For binary classification, earlier works considered maximizing various non-parametric estimates of AUC to obtain the best linear combination of the biomarkers ( [2] , [4] , [5] , [6] , [7] , among others). In particular, [3] proposed to maximize an empirical estimate of AUC in the form of a Mann-Whitney U-statistic for obtaining the best solution. However, maximization of the empirical AUC remains computationally challenging since the objective function is discontinuous and non-differentiable. To reduce the computational complexity, [6] considered maximizing a smooth consistent approximation of the empirical AUC using the sigmoid function to estimate the optimal coefficient parameters for the binary classification scenario. For multivariate classification problems, [7] proposed a min-max method where only the biomarkers with the minimum and the maximum values are considered for each subject, and then they are combined linearly by maximizing the empirical AUC. Thus, irrespective of the number of biomarkers, min-max method estimates only one coefficient at a time which is computationally less expensive.
When a disease outcome involves more than two categories, Hyper-volume Under the ROC Manifold (HUM) is commonly used as a multi-category extension of AUC ( [8] ). In such problems, the goal is to find the optimal combination of biomarkers that maximizes the diagnostic accuracy measure HUM. For a three-category outcome, HUM is also known as the Volume under ROC Surface (VUS), and has also been considered in the context of some real applications ( [9] , [10] , [11] ). To evaluate the HUM values for single marker or multiple markers under existing learning methods, one may adopt R packages HUM [12] and mcca [13] , respectively. [14] maximized the empirical estimate of VUS to combine multiple biomarkers. Due to non-differentiability of the objective function, maximization of empirical VUS requires derivative-free optimization methods which are computationally expensive, especially when the number of biomarkers is large. To overcome this problem, under normality assumption, [15] used a penalized and scaled stochastic distance method to combine multiple biomarkers, which was computationally less demanding. However, violation of the normality assumption of biomarkers may lead to poor estimation performance. [16] constructed upper and lower bounds of the HUM using Fréchet inequality and showed that these bounds are functions of AUCs of all possible pairwise adjacent categories. Then they maximized the empirical estimates of such upper and lower bounds to obtain the optimal linear combination. This technique reduces the computational complexity. However, such approximations do not perform well for small sample sizes and/or non-normal distributions (as is observed in our simulation study).
In this article, we propose to maximize the distribution-free Smooth approximation of empirical HUM (SHUM) to combine multiple biomarkers in an effective way. In particular, the sigmoid function and the normal cumulative distribution functions (CDF) are used to approximate the non-differentiable indicator functions embedded in the definition of HUM. We show that the proposed method yields consistent estimates of the optimal coefficients and they are asymptotically normal. A major advantage with the proposed method stems from the fact that SHUM is a continuous and differentiable function; this feature of SHUM allows one to adopt a variety of gradient-based optimization algorithms. Maximizing empirical HUM with derivative-free optimization techniques, such as Nelder-Mead simplex method, genetic algorithm (GA), and simulating annealing (SA), are computationally expensive. However, gradient-based optimization techniques like Newton-Raphson and Quasi-Newton methods can be applied to maximize the SHUM function; these nonlinear solvers are much more stable with nice convergence properties. In addition to the theoretical developments, we also carry out
Methods
In this section, we introduce the HUM and SHUM methods for combining multiple markers to improve the multi-category classification accuracy.
Hyper-volume Under ROC Manifold (HUM)
Consider a study where there are M multiple diagnostic/disease categories which are assumed to be ordered in nature without loss of generality. We provide some practical suggestion later for unordered classes. Suppose X 1 , X 2 , · · · , X M are d-dimensional random selected vectors representing the values of d biomarkers for M diagnostic/disease categories where
T and X jk denotes the value of the k-th biomarker from the j-th category, k = 1, 2, · · · , d and j = 1, 2, · · · , M . Suppose X j follows multivariate continuous distribution F j . Consider a linear combination of these biomarkers as
where
Under the assumption that the larger value of the above combination corresponds to more severe disease category, a diagnostic accuracy measure can be defined by the following probability
which is known as hyper-volume under the ROC manifolds (HUM) ( [9] , [8] ). For multi-category ordinal outcome, HUM can be considered as an extension of the AUC which is widely used for binary diagnostic accuracy studies. Our objective is to find the best possible value of β for which D(β) is maximized. Ideally, if there exist a β for which D(β) = 1, using such a combination the diagnostic categories would be perfectly separated. Let β 0 denote the optimal coefficient parameter that maximizes D(β) over a restricted parametric space B,
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Smooth Approximation of empirical HUM
In order to alleviate the computational burden of maximizing the sample version HUM, as an alternative we propose to maximize a class of smooth approximations of the empirical HUM. The basic idea is to approximate the non-differentiable indicator function I(x > 0). We focus on the class of all continuous distribution functions g(x) with support over (−∞, ∞), satisfying g(x) + g(−x) = 1 and g (x) is continuous. Having g (x) continuous and replacing all indicator functions with this kind of approximation function makes the approximate objective function solvable with gradientbased optimization algorithms such as the Newton-Raphson methods and the Quasi-Newton methods. In this paper, we consider two smooth candidates which are the sigmoid function s(x) = 1 1+exp(−x) , and the standard normal CDF denoted by Φ(x) = P (χ ≤ x) where χ follows a normal distribution with mean 0 and variance 1. Under the binary classification scenario, [6] proposed the sigmoid approximation of the empirical AUC to seek β 0 . However this approach has never been extended for multi-category classification scenario to the best of our knowledge.
As the value of x goes away from 0, s(x) tends to get closer to I(x). When x is close to 0, the absolute difference between s(x) and I(x) is the highest. This also holds true for Φ(x). Therefore, in order to improve the approximation of these functions, a tuning parameter λ n is introduced and we approximate I(x) by s n (x) = s(
The choice of λ n is very crucial in the performance of the smoothed HUM function. When λ n is close to 0, the proposed SHUM estimator behaves similarly to the empirical HUM with a very large value of derivative across a very small interval around zero. This induces a greater variability on the resulting estimators. On the other hand, if λ n is chosen to be one, it suffers from biased approximation. Therefore, we need to choose an optimal λ n between 0 and 1 to strike a balance between the bias and the variance issues. To illustrate the role of λ n , a graphical representation is displayed in Figure  1 where we consider a few selected values of λ n . We can see that as λ n decreases to zero the approximation becomes closer to the indicator function I(x). As a rule of thumb, [19] and [6] recommended λ n should be chosen ensuring that |β T (X 1i1 − X 2i2 )/λ n | > 5 is satisfied for most of the pairs (i 1 , i 2 ). In this paper after experimenting with different possible values of λ n , we set λ n = 1 √ n for our simulation studies and real data analysis, which satisfies the empirical condition.
Although the smoothing approximation can be done through either g n = s n or g n = Φ n , hereafter we only present the results for the sigmoid smoothing approximation to save the space. Applying this proposed function approximation to
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We propose to maximize D sn (β) in order to estimate the optimal coefficient vector. The optimal vector of combination is estimated by
We denote the optimal coefficient estimate obtained using the sigmoid smooth approximation of the empirical HUM (SSHUM) as β sn and using the normal smooth approximation of the empirical HUM (NSHUM) by β Φn .
Consistency and Asymptotic Normality of SSHUM
Under some regularity conditions, we establish the consistency and asymptotic normality of β sn . We list the set of necessary regularity conditions as follows.
A1. The support space of X jij is not contained in any proper linear subspace of R d .
A2. There exist at least one component of X jij which has positive density everywhere conditional on the other components, almost surely. A3. The true parameter value β 0 is an interior point of B which is a compact subset of R d .
Theorem 1 (Consistency) Suppose that assumptions (A1)-(A3) hold, then
as n → ∞, where " p −→" denotes convergence in probability.
The detailed proof of Theorem 1 is provided in section A1 in the appendix. In order to prove the asymptotic normality of β sn , we assume additional set of regularity conditions. Denote
. Then assume the following:
is having the finite variance-covariance matrix, i.e.,
Assumptions (A4)-(A6) ensure that the asymptotic variance exits and is finite.
Theorem 2 (Asymptotic normality) Suppose that the regularity conditions (A1)-(A6) hold, then
, where Maiti et al
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Remark: Computation of variance of β sn using the asymptotic variance formula given in Theorem 2 is very tedious and challenging, especially because of the choice of the kernel function g given in equation (??). Furthermore, it is noticed that the U-statistic based asymptotic variance formula are not generally reliable for small sample size for the direct maximization of the empirical HUM (see [8] ). In such cases, bootstrap technique is usually employed to compute the variances of the coefficient estimators of β sn .
Existing Methods
In this section, we provide a brief summary of the existing methods which can be used to obtain the optimal coefficient vector for biomarker combinations. In the simulation study section, we shall compare the proposed methods with these methods.
Parametric Method with Normality Assumption (Parametric)
[17] proposed the parametric method with normality assumption of the biomarkers in order to obtain the optimal linear combination of biomarkers. This approach assumes that F j , the distribution of biomarkers from the jth category X j , is a multivariate normal distribution with mean vector µ j and variance-covariance matrix Σ j , j = 1, 2, · · · , M . Then, the linear combination of biomarkers X j for the j-th category, denoted by V j = β T X j , follows a univariate normal distribution with mean β T µ j and variance
. Let φ and Φ denote the density function and cumulative distribution function of the standard normal distribution N (0, 1). For M = 3, the HUM D(β) can be shown to be equal to
Maximizing D N (β) with respect to β, we obtain the optimal coefficient estimates as
Following the results of [1] , it can be shown that if X 1 , X 2 , · · · , X M are multivariate normally distributed with mean vectors µ 1 , µ 2 , · · · , µ M , respectively and common variance-covariance matrix Σ satisfying
the optimal coefficient parameters β N will be proportional to
Once we have the sample estimates for the mean and covariance parameters, we can plug-in them into the formula of β N to obtain the coefficient estimates. A major advantage of using normality assumption is that it is computationally very easy, especially when (5) holds true. However, the method fully depends on the normality assumption. Violation of the normality assumption may result in poor estimate of β 0 .
Min-Max Method (Min-Max)
The Min-Max (MM) method is a more simplified non-parametric approach to combine the multiple biomarkers. It was originally proposed by [7] in the context of binary outcome. Instead of considering all the biomarkers, this method considers the empirical AUC based on the linear combination of two extreme biomarkers for each subject in the study. In
Statistics in Medicine
Maiti et al this paper, to facilitate a comparative study, we define the empirical HUM based on the combination of the minimum and maximum biomarkers for each subject.
Let X jij ,max = max 1≤k≤d X jij ,k and X jij ,min = min 1≤k≤d X jij ,k and define the linear combination of these two extreme observations as V jij = β max X jij ,max + β min X jij ,min , i = 1, 2, · · · , n j , j = 1, 2, · · · , M . Then the objective function to be maximized to obtain the optimal coefficient vector is given by
The optimal coefficient estimates by maximizing the above quantity can be written as
A major advantage of this method is that it involves the optimization of a single parameter as opposed to other competing methods, and hence computationally it is very efficient. Furthermore, it does not need to assume any distributional assumption of the data and hence is more robust against the parametric methods. So far, the method is studied only in the context of binary disease outcome and it is observed that the method can achieve higher sensitivity over a certain range of specificity. In other words, when someone is interested in partial AUC, this methods works better. However a major limitation of this method is that a major portion of the informations on the biomarkers are not utilized since only maximum and minimum biomarkers values are used.
Upper and Lower Bound Approach using Fréchet inequality (Fréchet)
To reduce computational burden of maximizing the empirical HUM in case of higher number of disease categories and/or number of biomarkers, [16] proposed the upper and lower bounds of HUM which are given by
where P A (β) and P M (β) are defined as follows
,
Instead of maximizing HUM, they proposed to maximize P A (β) or P M (β) in order to obtain the optimal combination. For example, maximizing P M (β) with respect to β we obtain β F rechet = arg max β∈B P M (β) which can be considered as an optimal coefficient vector. The above method is computationally efficient against the direct maximization of HUM as it only considers pairs from the adjacent categories, i.e., binary outcomes. The above method is computationally less time consuming than the HUM when the number of disease categories is more than two. However, when pairwise discrimination among the disease categories are not relevant to the overall discrimination, this method might perform poorly. Step-down Algorithm for Optimization
Step-down algorithm was originally proposed by [3] to combine multiple biomarkers in the context of binary diagnostic outcomes. The main motivation of using step-down algorithm is its ability to optimize the elements of the β vector sequentially one at a time instead of attempting to optimize them simultaneously. [15] formalized the step-down algorithm in the context of three-category diagnostic outcomes. Recently [16] used this algorithm to maximize upper or lower bound of HUM and obtained an optimal linear coefficient estimates. The algorithm to maximize a criteria function (e.g., SHUM) goes as follows:
Step 1. Compute the SHUM for each individual d biomarkers using one at a time and arrange covariates in decreasing order with respect to the computed SHUM values such that X (1) and X (d) have the highest and the lowest individual SHUM values respectively.. Step 2. Choose the first two biomarkers with the highest SHUM values and combine them as
Step 3. Maximize the SHUM for the combined marker V 2 w.r.t. λ 2 and obtain V 2 = X (1) + λ 2 X (2) .
Step 4.
and maximize V i w.r.t. λ i and obtain λ i .
Thus at the end of step 4, the estimated optimal combination
Although this algorithm has been widely used to maximize empirical HUM for binary and three-category cases, here we mainly use a gradient-decent based algorithm, namely quasi-Newton method to maximize all the stepwise SHUM values. We implement the numerical method using the in-built function optim in the R software freely available in www.cran.org.
Simulation Study
To compare the performance of the proposed method with the existing methods, we perform experiments based on various simulation scenarios. We consider three biomarkers and three-category ordinal outcome Y ∈ {0, 1, 2}, such that higher values of biomarkers represent higher disease category. To explore the performance of the methods under different case scenarios, we consider three examples based on normal distribution (with different correlation structure) and one based on Weibull distribution to represent the non-normal and skewed family. Since the correlation matrix is considered to be identity with normal distributions, the biomarkers are independent to each other. Scenario 2 : In the second scenario, the mean vectors are same as in Scenario 1, however the covariance matrix Σ = ((σ st )) is such that all the diagonal elements are 1, i.e, σ ss = 1; and all the off-diagonal elements are 0.2, i.e., σ st = 0.2, s = t; s, t = 1, 2, 3. This variance covariance matrix is an example of exchangeable matrix. Since all the offdiagonal elements are non-zero and equal, therefore the biomarkers are correlated.
Scenario 3 : In the third scenario, the mean vectors are same as the previous scenarios. The covariance matrix has an AR(1) form, i.e., all the diagonal elements are 1; and the off-diagonal elements are set as σ st = 0.2 |s−t| , s = t; s, t = 1, 2, 3. Here all the mutual correlations are non-zero but it fades as the distance between two biomarkers increases. Scenario 4 : In the fourth scenario, values of the biomarkers are simulated from Weibull distribution. Specifically, the j-th biomarker from the i-th disease category follows a Weibull distribution with shape parameter k j and scale parameter
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Values of the shape parameter k and scale parameter λ are set as (k 1 , k 2 , k 3 ) = (0.5, 1, 1.5) and (λ 1 , λ 2 , λ 3 ) = (1, 2, 3) , respectively. Here, we assume that biomarkers are independently distributed. This case corresponds to non-normal and skewed distribution.
Performance Evaluation
For each of the above-mentioned scenarios, we considered three sample sizes n = 60, 90, 120. Performance of the proposed SSHUM and NSHUM methods are compared with the existing methods, namely the empirical method ( [14] ), the Frechet bounds method ( [16] ), the parametric method ( [17] ) and the Min-Max method ( [7] ). Using all these methods, we first estimated the optimal coefficient vector β and then calculated the maximized HUM values at those solutions. The above procedure was repeated for 500 times to obtain the mean and standard error of the optimal solutions of β and the corresponding HUM D E (β). The mean and standard errors of HUM for different methods are reported in Table 1 , whereas those values for the coefficient vector are reported in Table 2 . Under all the above scenarios, the proposed SSHUM and NSHUM methods outperform the other existing approximation methods. Under the first three scenarios where biomarkers' values are generated from normal distributions, the SSHUM and NSHUM methods performs as good as the parametric method in Section 3.1 and outperform the Frechet bounds method and Min-Max method. In Scenario 4 where biomarkers' values are non-normally distributed, the parametric method with normality assumption performs poorly than the proposed methods. However, there is no observable difference in the accuracy measure between the SSHUM and NSHUM methods, suggesting both the sigmoid and the normal CDF approximations perform equally good for non-normal distributions. 
Real Data Analysis

The Alzheimer's Disease Data Analysis
The first data set that we analyzed here for illustration is a subset of the longitudinal cohort data on Alzheimer's Disease (AD) from Alzheimer's Disease Research Center (ADRC) at Washington University. The dataset is available in the R package DiagTest3Grp (https://www.cran.org). In this data set, measurements of 14 neuro-psychological markers were collected from 118 independent individuals of age 75 among which 44 individuals were non-demented, 43 were very mildly demented, and 21 individuals were mildly demented. It is now commonly accepted that treatment for Alzheimer's disease is a rather complicated issue and more clinically useful strategy is to apply appropriate interventions for earlier stage patients with relatively mild conditions ( [20] , [21] ). Therefore it is meaningful to differentiate three or even more categories of patients with ascending disease severity and subsequently offer category-specific treatments. Due to some missing observations, we deleted 10 individuals from the data set for our analysis. Note that values of these fourteen biomarkers can be negative. Furthermore, as we can see from the boxplot in Figure 2 and density plot in 3, there is a clear decreasing trend in the distributions of all the fourteen neuro-psychological markers across the dementia status. This shows the potential discrimination power of these individual markers. This observation was further evident by their individual discrimination power in terms of EHUM values where factor1, ktemp and zpsy004 have the highest individual EHUM values ranging from 0.70 to 0.78. Even the lowest EHUM values for the individual markers lie above 0.3, clearly much larger than the lowest EHUM value for random guess which is 0.17 in this case.
To see the improvement in discrimination accuracy by combing these individual markers over the individual markers and to facilitate comparison, we employed all the six combining methods discussed in Section 3. The estimated EHUM values with their respective standard errors using all the six methods are reported in Table 4 along with the coefficient parameter estimates and their respective bootstrap standard errors. We note that the empirical method has the highest EHUM value of 0.832 which is a substantive improvement than the highest individual biomarker's EHUM value of 0.784. The SSHUM method has the second largest EHUM value of 0.828, also a substantive improvement over the individual biomarkers. However, as we can see the Min-Max and Naive method (where we assumed equal weight for each individual National Institute of Aging-Alzheimer's Association (NIA-AA) published research criteria for AD diagnosis in 2011 using biomarkers information. In addition to dementia due to AD, other stages of interest include prodromal AD (mild cognitive impairment) and preclinical AD (individuals with normal condition with AD pathology). The markers evaluated in our analysis may also offer useful insight for such mutli-stage diagnosis. 
The ERICCA data analysis
Here we analyze an acute kidney injury dataset following a heart surgery to illustrate our proposed method. We consider the data from the observed for one year after the surgery ( [18, 22] ). All the patients were randomized to two different methods of surgeries namely Remote Ischemic Conditioning (RIC) or Sham Preconditioning. During the study period, some patients developed a disease called Acute Kidney Injury (AKI) along with few other diseases post-surgery. The AKI was recorded as a multicategory ordinal outcome with four levels based on the severity level. The data also includes cardiovascular death and all-cause mortality at 1 year (binary), non-fatal Myocardial Infarction (MI) (binary) and coronary revascularization or stroke at 1 year (binary). In literature, studies on prediction of AKI after cardiac surgery has been performed in several occasions. Assuming AKI as a binary outcome, [23] found that the serum Neutrophil Gelatinase Associated Lipocalin (NGAL) measurements taken at 0 (before surgery), 6, 12 and 24 hours after surgery are significant influential biomarkers in the development of AKI. In addition, they showed that for the risk-stratification of patients prior to cardiac surgery for AKI may be improved by adding pre-oprative levels of NGAL to existing risk scores where existing risk score was calculated based on age, gender, diabetes mellitus, hypertension, peripheral vascular disease, previous Coronary Artery Bypass Graft type of surgery planned, use of intra-aortic ballon pump and few other baseline covariates. However, the main limitation of their study is that they did not consider the multiple categories of the AKI outcome. Instead, they
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To illustrate the proposed method, we consider the AKI within 72 hours of surgery as our multi-category outcome which are leveled as 0 (none), 1, 2, 3 as per the international Kidney Disease: Improving Global Outcomes classification (KDIGO) criteria on serum creatinine. Since level 3 has only a few observations, we combine the levels 2 and 3 into a single category denoted as the highest risk group. Therefore, in the following analysis, the AKI has three levels/categories. Our biomarkers of interest in predicting AKI are individual NGAL at 0 (before surgery), 6, 12 and 24 hours after surgery and their different combinations using different methods. In a previous analysis, [23] observed that there is a significant increase in AKI as the individual's pre-operative NGAL increases from the first to the third tertile (>220 ng/L). Hence they considered only the individuals from the third tertile and concluded that the pre-operative NGAL is a significant predictor in predicting binary AKI. There are 305 individuals in our sample after discarding all the missing observations. Among these subjects, 172 patients did not develop AKI within the 72 hours of surgery (AKI=0), 99 patients developed level 1 AKI, and 34 developed level 2 (i.e., combined levels 2 and 3 in original scale) AKI.
Note that larger values of the NGAL measurements indicate the higher level of severity of AKI. Since the NGAL measurements are highly skewed-distributed and large in number, so we transformed them into the logarithm scale to scale down those high numbers and make the distributions close to normal distributions. Considering logarithmic transformation of the biomarkers is a common strategy for this type of data analysis (see e.g., [2] ). To see the visual discrimination power of these individual log of NGAL measurements, the box plots and the density plots are shown in Figures 4 and  5 , respectively. The estimated empirical HUM values for the individual NGAL at four different time points are 0.179 (at 0 hours), 0.222 (at 6 hours), 0.273 (at 12 hours), and 0.315 (at 24 hours). These values are also reported in Table 3 , along with their respective standard error. Recall that for random guess the HUM value is 1/6=0.1667 when the disease outcome variable has three possible outcomes. That is to say HUM value for any biomarker less that 0.1667 indicates that the biomarker is weaker in predicting the disease outcome and should be avoided from the prediction model. In this case, all the NGAL measurements can be included in the prediction model. Further, it is noticed that as the time of NGAL measurement increases from 0 hours to 24 hours, the HUM value increases to almost two times that of the 0 hours. It indicates the strong discrimination power of the NGAL biomarker in predicting AKI as time progresses after surgery.
Further, we treat the four NGAL measurements as four biomarkers and apply our proposed SSHUM method to combine these markers. As comparison, a naive linear combination approach with equal weights on the four markers is also constructed. The distributions of these combined markers are also displayed in Figures 4 and 5 . It is noted that SSHUM separates the three class in the most effective way.
Further, we obtain the HUM values for other existing methods along with their respective optimal linear combination estimates. The estimates along with their bootstrap standard errors are reported in Table 5 . We note that all the linear combining methods yield larger HUM values than that of the individual biomarkers and the naive equal weight method. The proposed sigmoid approximation yields the highest HUM value compared to the other existing methods. Although the proposed method combines the time-varying NGAL measurements in a more effective way than the others, still further studies may be required to support the effectiveness of such NGAL measurements and their combining factor in predicting AKI. Table 5 . Estimated optimal coefficients and the HUM values (with standard errors in parenthesis) for the ERICCA dataset using naive method, empirical method, SSHUM, NSHUM, Fréchet, parametric and Min-Max methods based on 100 repetitions. 
Discussion
Improving diagnostic accuracy by combining multiple biomarkers have been studied both for binary and multi-category outcomes. In this article, we have extended the idea of direct maximization of empirical hyper-volume under manifolds, specifically volume under surface (VUS) proposed by [14] , to a smoothing approximation of it using a class of smooth CDFs which is controlled by a tuning parameter. In particular, we have used the logistic CDF (sigmoid function) and normal CDF to operationalize our proposed method. We have also discussed about the choice of the tuning parameter. Consistency and asymptotic normality of the coefficient estimators using the proposed method have been established. Furthermore, through simulation studies we observe that the proposed method is computationally less challenging than the direct maximization of the EHUM, which is non-smooth and non-differentiable. We also note that the performance of the proposed method heavily depends on the choice of the tuning parameter λ, with lower values of λ leading to results very similar to the empirical method with less bias but large variability. This is a problem of bias-variance trade-off which we have discussed in considerable detail in Section 2.3. Results from our simulation study and the two real medical data analyses have shown that shown that in general, the proposed method outperforms other methods including the empirical method. To obtain the estimated coefficient vectors maximizing SHUM, we considered the step-down algorithm. However, in future, coming up with advanced computational aids and fast global optimization algorithms for simultaneous estimation of the whole coefficient vector (instead of estimating one at a time using step-down algorithm) maximizing SHUM might Now replacing x j by β T Z ij+1,ij in the above derivation, we can see that T n1 converges to 0 uniformly on set B. The second term can be bounded above as
Again by the uniform convergence of the U-process, the right hand side of the above equation converges to P max 1≤j≤M −1 β T Z ij+1ij < δ almost surely on B. Further, using order statistic result, we can write
for all j = 1, 2, · · · , M − 1 over B. Under the assumptions (A2) and (A3), it can be shown that P β T Z ij+1ij < δ converges to 0 uniformly over B as δ goes to 0. Hence, it proves that sup β∈B |D sn (β) − D E (β)| = o p (1).
A2: Proof of Theorem 2
For simplicity, we denote β(θ) = β and β( θ) = β. Note that
